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AI3STRACT 

The analysis of the vehicle's trajectory will be based on the supposition that not only 

does the distance from Earth,  rnd:Lslired in astronomical units, remain small ,  !Jut 

that a lso the vehicle's directiori f'rom Earth remains approximately perpendicular to 

the ecliptic plane. hlore spt:cilic:slly, i f  a rotating coordinate system is introciuceci, 

ceritered at the Earth as indicatci i n  Fig. 1, the coordinates x , y , z a r e  assumed 

to  be such that x , z and ( z/yi2 may be 

ncglected, the y moi-on tli: r ~ b  oat to be uncoupled f rom the small  x and z motions 

and may be studied st 'parateLy. 

2 v < i 1. To the extent that ( x / y )  

X one-dimensional approsimatc tlcscription i s  given for the motion relative to ear th 

of a vehicle launched normal to the ecliptic without excessive escape speed. 

izt.t! perturbation trextment is pi.ovided for deviations from this one-dimensional 

motion, that are the result  of tht: combined effects of the initial trajectory and the 

perturbations of moon and s u n  jt'ie moon's orbit is regarded as circular  in  the 

A linear- 

h u  

A' 
ecliptic plane). The eccentricit!. of the ear th 's  orbit is also disregarded and, on 

ibis hasis ,  certain periodic motions which pass  con\,eniently close to ear th  are 

iou1;d for this "restricted 4-body problem'' of period 3 months. 

1 ISTRODLCTIOX 

TI 

.\ Lrehicle iaunched from the E3r.h normal to the eciiptic en te r s  a heliocentric 

orbit which returns  to the vicinity of the Earth every 6 months. Except for apprtt- 

ciable "hyperbolic excess" spccc.s, however, escape from the Earth is not complete 

and the vehicie re turns  to Earth i n  !ess  than 6 months. 

ior astronomical observation stations. This and other uses  are discussed in Ref 1. 

Such t r ips  may be of interest  
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i lf tcr the equations of motion a r e  worked out i n  general  (in Section 2 ) ,  

t hc  b a s i c  o ~ c - d i m c n s i o n a i  y n-totioi-. ior ;i zcl 'o-, ' .ccc:; ir icity Z3nrtil c)rilit i s  

i:;vcstigatcG in Sccticjii 3 . A s  ;:lay ijt t  ;in:ici;xt:cd, t h i s  m o t i o n ,  which  

ir.c!uties both the  S ( i n ' s  a t t r a c t i o n  ar.i t!;c Z , i r t i i l s  a t t r a c t i o n  as " r ~ s t o r i n ; : ' ~  

f o r c e s  tending  to r e d u c e  y to  z c r i ) ,  ticsc.i;ds on i sir.gie p a r a m e t e r  - ti.,e 

onc-dimensior ia!  t o t a i  c ~ ~ e ~ g y .  

g i e s  in the  I;eigh'oorhoOd o i  z c r o ,  in i a c t  i o r  o r b i t  i n j ec t ion  s p e e d s  d i f i c r i n g  

i r o m  the  t h e o r e t i c a l  e s c a p e  s p e e d  Sy not m o r e  than 160 m / s e c ,  the  maximum 

d i s t a n c e  f rom E a r t h  v a r i e s  i r o m  i c s s  t'm:: 1 / 2 -  to  m o r e  than 7-1/2-mil l ion k m ,  

ar.d t h e  t r i p  d u r s t i o n  f r o m  l e s s  :haz 2 w c e k s  t o  m o r e  t han  5 - 1 / 2  montns .  

. .  
i t  \ v i ; ;  S c  i o u ~ c i  ( Fig. 2 ) that  i o r  to:al e n e r -  

The perturbat ionb oi tk.c previous solutions by ti;c e c c e n t r i c i t y  o i  t hc  Z a r t i - , ' ~  

orb i t  is exam.i-.cc. ,ri Section 5 ,  a n a  t h o s e  5y tiic Moon i n  Section 

6.  In the l a t t e r  ca s t ? ,  :he Moon is ideal iLcd z s  m o v i n g  in ;i c ; r c l e  ir, 

3 
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Let  r be tnc pos i t ion  v e c t o r  o i  t h e  veh ic l e  r e l a t i v e  to  EartE;, a n d  R t h a t  

o i  t h e  E a r t h  r e l a t i v e  to the  S m .  

E a r t h  is g iven  by 

The  a c c e l c r a t i o n  of the v e n i c l e  r e l a t i v e  to 

- 

G hcing  :;IC d:-,ive;sa; ;rI.,lviELtiozai c0nstar.t and hZE, Ms t he  masses of 

E;r:!i a n d  Sun,  r e s ? e c t i v e l y ,  a n d  the  squa re  b r a c k e t e d  term being  the 

"2cr turba: ive" a c c e l e r a t i o r .  :ue to t he  Sun. 

.~ L 
~ w k e r t :  7 ir,dics:eti L:T~,E: c;;:;erentiation o i  the  r e s 2 e c t i v e  co:-nponcnts, a n d  

i a ,  

co;rr?onents ( a  s ,  ;L - 7  --t 

t x i c c  iron? :>.e SUI  ( =  1 ua : ronomica l  un i t ) ,  LEG ~ i - 1 ~  corr i2onents  (9, 

0: 

- .  
1 7  . I- &..L a n g u l a r  veloc,:;; 0 2  ti;<: ro ta t ing  coorcir.atc: s y s t e m .  1;;troducing the 

I 

2 z) oi  r , w!lere a i s  t n e  Z a r t h ' s  m e a n  ais-  

0) 
0 0 0 

' 
0 

6 , 
-L 

i? , 3 b C ; i ; ~ ~  t h e  E;. r tn 's  h e l i o c e a t r i c  a n g u l a r  pos i t i on  a long  i t s  o r b i t ,  0 
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m e a s u r e d  f rom .some i ixcd d i r e z t i o n ,  a s  wc i l  a s  t h c  c o m p n n c n t s  ( 0 ,  o ,  n )  
4 

of R , we obtain f rom Eqs.  \ L . i  ( I  \ LE; ( 2 )  

GME2 GAM s( Rt a. z )  . 2  
2 - 0 2 - 2 Q x -  e x =  - -  

G *u 
S 1- 

8 

2 
a O R  

(3) 

x z  
Expariding i n  ascendir,;: p o w e r s  ~i y ,  - - ;!-,e s e c o n d  Eq. ( 3 ) b e c o m e s :  Y '  Y '  

2 

w h e r e  
M- 

i. . 
p = 2 ( < < 1 ) ,  % 



C 

and w h e r e ,  in  a c c o r d a n c e  witl-. t he  sxal!r .ess  o i  c z  and  wi th  ou r  uncierlying 
a s s u m p t i o n :  

G, etc.  y>.e i i r s t  a n a  Lis t  izq. ( :3 ), ixoreover ,  l i n e a r i z e d  wi th  r e s p e c t  
Yk 
to  x and z ,  become:  

3 
x ,  z < < y < < 1 ,  w e  k.avc r ieglectcd €2, 7 y z ,  y , 

2 

2 i3ASIC ONZ-DiAV,ENSiON.4L MOTIOS 

S c g l c c t i n g  E, in  Eq. ( b )  

;lave: 

( i t  w i l l  b e  re iz t rocuced  i?. Section 5),  we 
L 

J'Je i rxmed ia t e ly  obtair, a n  "ene rgy"  iriteg rai: 

which is a constant.  

A i c r t h e r  q u a d r a t u r e  )iic:ds the  t i m e  (throu;:;; $2) 23 iol;ows: 
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w h e r e  ti;e lower l i m i t  is  t h k c n  a s  zero, i-zt:-.cr e- 

( a t  wh ich  d i s t a n c e  the p e r t u r b i n g  i o r c c  due  to t h e  Sun is  m u c h  s m a l l e r  t'r..ar, 

ti;e E a r t h ' s  a t t r a c t i o n ) ,  s o  that tiic CG'-*--' iS~i t ia7~:  to Q betwecr,  o and  y is 
un in? ?o r tan t . 

s o m c  i n i t i a l  Y o  < < P  1 / 3  

0 

A conven ien t  d e s c r i p t i o n  of t he  motion,  invoiv ing  e s s e n t i a l l y  one p a r a m e t e r ,  

i s  obtairied if  we i n t r o d u c e  y l ,  t:?c maxirr:\im y r e a c h e d ,  g i v e n  by: 

a 

2,) + 2 z y  - Y; = 0 ,  i 

a n d  a nondirr ,ensional ene rgy  parameter r, g iven  by: 

6 0  that , 

1 5 2  m n s l r n ~ m  d i s t a n c e  y 

akr s o l u t i o ~ i ,  o i  c o u r s e ,  is 

As the  parameter q v; l r iea  iron: - M to  T I ,  
(iri astronorr. ica1 urL t s )  v a r i c  s i rom 0 to  a. 

< 0. 1). 
Y1 ~ a l i d  01:ly o v e r  the r a n g e  of valLes of q i ~ r  wi-.ich y 1  < < 1 (e.g., 

The Earth 's  posi t ior ,  ciuring ;>.e outward  motio:: t he  v e > i c l e  is  g iven  by: 

.c di; ( Y  /Y 1) 

2 
0 - o,, = J 

0 ( l - u ) ( i - r , t u + u  ) , 

7 



I 
# 

l 

2;  ~n p a r t i c u l a r ,  I(:) = -- [a - 1 )  . 
i r b m  tablcs of c i l i p t i c  func t ions .  

0 t i ;c r  v a i u c s  of i(r,) m a y  be ohtaineci v? 7 

T h ~ s  i l  q < 2, i(ri) m a y  b e  cval i ia ted 

a c c o r d i n g  to 3(d)  on p. 4 8  OI SSrobncr anci I i a f r c i t c r ' s  intr:-r;L! T a i c l n ,  

V o l  2, whi le  i f  q > c,  
-3 

3 f (q)  m a y  be evnluj tcci  by 3(a)  on p. 67. 

A J  . 
0 

&rid hence, a s s u m i n g  that  v i s  c l o s e  to 
0 
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- L q u a t l o n s  ( I l ) ,  ( l j ) ,  ar.c ( l a ; )  m a y  bc  u s c d  ~ C I  ?lot  tiic r e l a t i o n s  betwccr, 

m a x i i x u m  d i s t a r , ce ,  " in i t ia l "  s?,ee&, ;Lr,d i!ig;ic dura t ion .  Thus,  in Fig.  2 

the o r d i n a t e  L S  f ( r , j ,  the Ea:tii's a;.,c;ular trave:, the  iowcr  absc i s sa  i s  

(I-.,, ( o r ,  r a t h e r ,  i t a  l o g a r i t ' m ) ,  a n a  tne \ ;pper absc i s sa  is 

r,/ [ 2 (  l-r,)'] = g(r,), s a { ,  6 0  t;-.at by su i t ab ie  r e s c a l i n g  we can read t h e  

maximuim d i s t a n c e  a y ,  i n  mi l l i ons  of km, A v  = v -11- in  m / s e c ,  

w i t h  r chosen a s  150 km in excess  ~i the  Ea r th ' s  e q u a t o r i a l  radius, 

v e r s G s  tiie f l igh t  du ra t ion  in days .  

113 

I 

lZGVAE 

0 1  0 0 Y ro 

0 

In  Table 1 of Ref. 1, it is shown how to rescale  Fig. 2 to make i t  apply 

to tr ips launched froni other planets perpendicular to their heliocentric orbital 

planes o r  from the moon perpeniicular to its orbital plane. 

/' -. . , - m. A iie s e n s i t i v i t y  a i  :?.c i i i G i 2 ;  5 ; ; ~ ~ t i o n  a n d  the  max imwm tiis:;rnce reached  

t o  ii.,iti&l s;;ecci i s  ;;;;i~ren: jre:r, F i g .  

r e t u r n  t i m e  io ::-Aid-course ci-iii-iges, small o r  ot'rLc:wisc, in ti;c ve ioc i ty  in  

:he y direction, i t  is necessary to evaluate the intermediate t imes 'uy means of 

Eq. (12). 

numerical integration, after chosing, in place of u , a new independent variable 

s = j, v z ,  according as $ 

in Fig. 3 .  

m 2. 10 cv;i!uati: ::-&e sc!;isitivi;y of the 

For  both the outward m d  return journeys, these tinies are evaluated by 

> 0.  (See Section 4 below.) The resul ts  are shown 

4 OFF-LNE MOTIOSS 

Before attacking the Eq. (6) of off-line motion, let u s  examine the significance of 

the assumption x , z < < y in the neighborhood of the Earth.  

9 
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C o n s i d e r  i irs:  a C O ~ , ~ C  ( F i g ,  

xy -p lanc ,  wi::? s e m i - l a t u s  rectum 

? c r i g c e  in t h e  ( - y ) - d i r e c t i o n ,  ar,d e c c e n -  

t r i c i t y  c c l o s e  to 1 ( i t  m a y  be more  o r  less 

than 1). 1:s equa t ion  is: 

) ir, :ne 

L I 

/ '  
-- x 

2 - - e 
1 - c  s i n +  Y \' 1 - 6  

x t y  

a J x  izz +y = r = 
0 

PERIGEE 

Fig .  4 X e a r l y  P a r a b o l i c  s o  that J x  2 ,  r y  2 = c y  + A / ,  I a n d  hezce :  
0 Coriic N e a r  the 

Earth 

Fur the rmore ,  t h e  v e i o c i t y  a l c n g  the c o n i c  is g iven  by 

1 2  
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i11c p a r t  of the  con ic  f o r  wh ich  s < < y thus  sa t i s i ics :  

c i v  . 
N o t c  t h a t  the coe f i i c i en t  

j u s t  the  a n g u l a r  

is ,  a p a r t  f rom a f ixed s c a l e  f a c t o r ,  

o i  t he  g e o c e n t r i c  mot ion .  

The  ge r . e ra l i za i ion  io any near1.i p a r a b o l i c  con ic  w h o s e  axis n e a r l y  c o i n c i d e s  

wi th  t he  y - a x i s  i s  c l e a r ;  1: x ,  z < < y 
. -  

The ioreg0i r .g  d i s c c s s i o i i  o i  the: mot ion  n e a r  E2r:'n s u f i f i c s t s  t he  fol lowing 

"variation of p a r a m e t e r s "  des( : r i? t ion oi  th,: er.tire mot ion :  

1 3  
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w ; 7 c r ~  , C , C , D a r e  fiow v a r i a b i e s  wliicn v a r y ,  h o w e v e r ,  v e r y  l i t t l e  

i n  p a s s i n g  f r o m  launch  a t  p-.r igce; i o r  e x a m p l e ,  t o  a n e a r  r c g i o n ,  a s  in 

- .  d v  
2 :x. .1 , wi ic re  x ,  z < < y ,  and wi:cre - is  now g iven  by Eq. ( 7 ), 

t h u s  inc1L;ding the  S u n ' s  p e r t u r b a t i v e  i o r c e  a s  w e l l  a s  the  E a r t h ' s  a t t r a c t i o n .  

X G ~ C  that ,  acco rd ing ly ,  the  resca :cd  a n g u i a r  m o m e n t u m  c o m p o n e n t s ,  

2 

L 
CL? 

t l v  d x  dy  
'3 a+ dQ dZ , a r e  r e s p e c t i v e l y  C ( p  + y  3 ) a n d  D ( p  t y  3 ) , y , $  X - L  - y - and  z - - 

wi:ich c a n  be r e g a r d e d  as  f x e d  n;u:tiples of C and D only  i n  the  n e a r - E a r t h  

. -  
113 < <  P r cg ion  y 

Di i i c r  cnt  

yiCId6: 

a t ion  of the  l e f t  Eq .  ( 16 ) i n  Combinat ion wi th  t h e  r i g h t  eGuat ions 

Subs t i tu t ion  oi Zq. ( 16 ) in to  Eq. ( 6 ), t o g e t h e r  w i th  E q s .  ( 7 ) ,  ( 8 ),  

and  ( 1 7  ) ,  y ie lds :  

- -  -7y - dv ;> - 'ryE - 2 - 2 y 2 ) C  - 2 -  dY A - 2 y  
d 9  

- 
3 

dD 
d+ p t y  1 dc? 

h convenient  rcr.or:xs.lizat.on of t h e s e  eciii&'lions is  ob ta ined  by in t roduc ing ,  

as a t  thc cnd ~i Section 3 ,  a new ir .dependent v a r i a b l e :  

14 



so  tha t  

v e h i c l e  leaves the v i c in i ty  of the E a r t h  and  the  t i m e  of r e t u r n  to E a r t h .  

F r o m  Eq. ( 1 2 )  we ob ta in  

s i n c r e a s e s  mono ton ica l iy  f r o m  - 1  tcj + 1  be tween  the  t ime tha t  t he  

Here i , ! I ,  cu' , and 1 are the inclication, nodal lo::gitude,argument of perigee and 

seml-latus rectum of 

r a the r  than equator), s o  that I /io , r/2 - i and 3 r / 2  - iu' are sinall quantities. 

t i  instant~neous earth-centered conic ( referred to the ecliptic 

/ 

dX, I 
I 
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w h c r e  

The s0lutiox-i of Eqs. ( 22 ) ai;d 2 3  ), which  wi l l  b e  obta ined  on a d ig i t a l  

c o m p u t e r ,  c l e a r l y  h a s  the  fcrm: 

t 

w h e r e  T ( q ,  s )  i s  a < 4 trarisitiofi m a t r i x ,  re2rescn: i r .z  t h e  ?rG?sgat ion of 

in i t i a l  " e r r o r s ,  " with i ~ ~ ~ t > ~ A  value: 
. >  

16 



T;;C condi t ion for a d i r e c t  co; l is ion wi:h :!-.e E h r t h ,  of c o u r s e ,  is j u s t :  

A , ( l )  = x p  = 0 .  

- ..- ; . .verse of Zq. ( 23 ) c o x h i n e d  wi th  Eq. ( 24 ) y i e l d s  the s e n s i t i v i t i e s  of 

tk,c i n s t a n t a n c o u s  x , k z ,  i t o  ci-ianzcs i n  t h e  in i t i a l  .small parameters  

A,(-;) 
1 

which ,  t o g e t h e r  witk the s e n s i t i v i t i e s  of y ,  9 to the  in i t i a l  t i m e  t a n d  

e n e r g y  parameter r,, i o rm t h e  h < ~ s i s  f o r  a dii i~-rer, t iz!-correction of the  

6 p a r a m e t e r s  t r,, A I  (-11, A, ( - l ) D  A j  ( L l j ,  A .  ( - l ) D  t o  f i t  o b s e r v a t i o n s  

such a s  m e a s u r e m e n t s  o i  nr.;ies, r a n g e s  o r  razge- ra tes .  

0 

0 ,  L Lt 

. .  7 Return ing  to L$. ( 4 ) io r  :k.e o;,c-dirnensionzi; y-Az-io;io;i, wi tn  c: now in-  

cludcci as a sma;i p;ran;eter, l e t  q 1  

pos i t i on  a t  t>.? m o m c a t  when tk.c veh ic l e  r eaches  its rnixxin-.u.n-, d i s t a n c e  
m *  2 ~ n c n ,  neglectin;  c 'r , we obt:,iii 

E 
be the eccentric ~ n o ; r ~ a ! y  of t h e  E a r t h ' s  

1 '  y 

u 
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. .- 

l\.:icre thc last  tcrm of 1) i s  cor:~pi.:cd a s  a iunc t ion  of y f r o m  the  

" u n p e r t u r b e d "  mot ion  c o r  r e spcad ing  to 

Eqs. ( 19  ) and  ( 20 ) 

= 0 ;  1. e . ,  accord i r .g  t o  € E  

f S  2 . 6  d s  
+ - + I  =jo 

1 - r l t u t u  # .  

' . 
T h e  c o r r e c t i o n  in  t h e  ins ta - i taneozs  1 - , 

I cq ' is t h u s  g iven  by 

( 2 9 )  

S 
P 

C' ( 3 0 )  

in  which  Q - Q l  i s  g iven  by Eq. ( 29 ). 

7.' *.?.e velocity correct ior ,  g iven  by Eq. ( 3d ) i n t e g r a t e s  t o  a tirne c o r r e c t i o n  

g i v e n  by 

to be added  to the  3 obta inable  f rom Eq. ( 29 ). The ve loc i ty  a d  time c o r -  

rections v and 6 p wi l l  be obta ined  by r iurxer ica l  ir.tegracion along wi th  9 ,  

UT, 6 )  a n d  S(T ,  5). 



G EFFECT OF TEZ MOOS 

\ I;, as shobn in Fig. 5, we itic,i;iat! tnc Moon’s ortiit as  a circle  of r‘idius b 

a s t ronomicd  units in the x - L  ~ L A : ~ c ,  dnd if we de:;otc, the Moon’s “phase,” 

(i. e . ,  its angular position east of the midnight position) by ,!j’ , and i t s  m a s s  by 

M the components of the per t  irbative force of the moon on the vehicle in its 
unperturbed one-dimensional motion, x = z = 0 ,  are 

11 ’ 

, 
20 
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